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Abstract
We consider the orbital angular momentum of a free electron vortex moving
in a uniform magnetic field. We identify three contributions to this angular mo-
mentum: the canonical orbital angular momentum associated with the vortex,
the angular momentum of the cyclotron orbit of the wavefunction, and a dia-
magnetic angular momentum. The cyclotron and diamagnetic angular momenta
are found to be separable according to the parallel axis theorem. This means
that rotations can occur with respect to two or more axes simultaneously, which
can be observed with superpositions of vortex states.
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1 Introduction
In classical mechanics, an electron moving in a uniform magnetic field follows a circular
orbit in the plane perpendicular to the field, as dictated by the Lorentz force. This so-
called cyclotron motion, which occurs even in the absence of a central potential, plays
a role in areas as diverse as particle physics [1, 2], electron microscopy [3], plasma
physics [4], and also in microwave ovens [5].
Electrons can also possess quantized canonical orbital angular momentum which
does not depend on the presence of a magnetic field. This is well known in the case of
bound states in atoms and quantum dots [6], in which there is a confining potential,
however recently it was discovered that free electrons can be imprinted with orbital
angular momentum. Electron vortex beams [7, 8, 9, 10], generated, for example,
in electron microscopes, have twisted wavefronts, and resemble freely propagating
atomic orbitals. The understanding, manipulation and exploitation of this angular
momentum for a range of technological applications is currently a very active area of
investigation [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21].
In a magnetic field, an electron can possess both canonical orbital angular mo-
mentum, and angular momentum arising from the interaction with the field. If the
magnetic field is uniform, the canonical angular momentum in the direction of the
field is independent of the field and is constant [22]. Meanwhile, the magnetic field
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induces an additional current within the electron’s wavefunction which gives rise to
a diamagnetic angular momentum [23, 24, 25, 26]. Manipulating the canonical and
diamagnetic orbital angular momenta of free electrons recently led to the first di-
rect imaging of Landau states [27, 28]. In addition to the diamagnetic rotation of
an electron’s wavefunction, however, in a magnetic field there will generally also be
a cyclotron orbit of the centre of mass of the wavefunction [22, 29]. The angular
momentum associated with this cyclotron motion has not previously been considered.
In this paper, we show that the total orbital angular momentum of the electron
is described by the parallel axis theorem. This angular momentum comprises the
canonical and diamagnetic components, which are associated with rotation relative
to the centre of mass of the wavefunction, and a cyclotron component which has
expectation value equal to that for the classical orbit. Interestingly, for free electrons
all three of these components can have similar magnitude. This means that the
trajectory of the electron is strongly dependent on how these angular momenta add
and subtract. Further, we show that different cyclotron orbits can be superposed,
leading to rotations with respect to multiple parallel axes, and periodic interference.
Our results suggest novel means of structuring electron beams for use in specific
applications, such as probing magnetic and chiral materials.
2 Model
We consider an otherwise free electron moving under the influence of a uniform mag-
netic field. We take the direction of this magnetic field to define our z axis, and
consider the motion of the electron within the x-y plane. The electron may also be
moving in the z direction, however the component of its momentum in this direction is
a constant of motion [25], and will not affect our results. We consider non-relativistic
energies, meaning that the spin angular momentum is also constant, and can be sep-
arated from the orbital motion of the electron [30]. In what follows, we shall consider
only the electron’s orbital angular momentum. The magnetic field B = Bzˆ can be
described by the cylindrically symmetric vector potential A = Bρφˆ/2, where ρ and φ
are cylindrical polar coordinates. This choice of gauge is convenient as it allows us to
exploit the rotational symmetry of the magnetic field. Our Hamiltonian is therefore
H =
(pkin⊥ )
2
2m
=
1
2m
[
(pcan⊥ )
2 +
1
4
e2B2ρ2 − eBLcanz
]
, (1)
where pkin⊥ = mv⊥ = p
can
⊥ −eA⊥ is the component of the electron’s kinetic momentum
in the plane perpendicular to the magnetic field, pcan⊥ = −i~∇⊥ is the corresponding
canonical momentum component, Lcanz = ρp
can
φ = −i~ ∂/∂φ is the z-component of
the canonical orbital angular momentum, e = −|e| is the electron’s charge, and m its
mass.
We are interested in the evolution of non-stationary states of the system, described
by the time-dependent Schro¨dinger equation
i~
∂Ψ(r⊥, t)
∂t
= HΨ(r⊥, t), (2)
where r⊥ = (ρ, φ) is the position of the electron in the plane perpendicular to the
magnetic field. Note that if the electron is moving along the z axis with a velocity vz,
the Schro¨dinger equation (2) describes the state of the electron after a propagation
distance of z = vzt [27].
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Figure 1: Cyclotron trajectory of the centre of mass of the wavefunction. This orbit
occurs with respect to the axis y = y0, the position of which depends on the initial
transverse momentum 〈pkin⊥ 〉0 as well as the magnetic field. Also indicated is the
direction of the canonical orbital angular momentum 〈Lcanz 〉zˆ.
An electron with momentum transverse to the magnetic field will exhibit cyclotron
motion. This is conventionally described in a classical context. Here we will derive
the cyclotron motion by assuming an electron wavefunction
Ψ(t = 0) = Ψ0 = u(ρ) exp
[
i
(
`φ+
pc
~
x
)]
, (3)
where ` ∈ Z. We have defined the x axis as the direction of the transverse kinetic
momentum at t = 0. This state has a rotationally symmetric probability density
|Ψ0|2 = |u(ρ)|2, and an expectation value of canonical angular momentum 〈Lcanz 〉 =
`~. We shall see that the momentum 〈pkin⊥ 〉0 = pcxˆ results in a cyclotron orbit of the
wavefunction.
Note that in our model the canonical orbital angular momentum is not collinear
with the instantaneous direction of propagation of the wavefunction. This is illus-
trated in figure 1. The angular momentum is in the direction of the magnetic field,
while the kinetic momentum has a component perpendicular to the magnetic field.
This contrasts with vortex states, either in field-free space or in a magnetic field,
which are energy eigenfunctions, as these have momentum and angular momentum
which are collinear [29, 31]. Electrons in non-stationary states can have angular mo-
mentum at an arbitrary angle to their direction of propagation, however [22, 32, 33].
Here, as a result of the cyclotron orbit, the time-averaged expectation value of kinetic
momentum is collinear with the angular momentum 〈Lcanz 〉.
3 Electron trajectories and angular momentum
In the following we will show that the different forms of angular momentum give rise
to rotations with respect to more than one axis. This can be seen by examining
the “trajectories” associated with the electron’s probability distribution and current
density.
First, we will consider the expectation value of the electron’s position, which is
equivalent to the centre of mass of its probability distribution. Differentiating twice
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with respect to time, we obtain the equation of motion
∂2〈r⊥〉(t)
∂t2
= − 1
~2
〈[[r⊥, H], H]〉 (t)
= −ω2c
〈
r⊥ −
[
x+ pkiny /(eB)
]
xˆ− [y − pkinx /(eB)] yˆ〉 (t)
= −ω2c (〈r⊥〉(t)− y0yˆ) , (4)
where ωc = −eB/m is the cyclotron angular velocity and y0 = pc/(|e|B). Here we
have used the fact that the quantity
[
x+ pkiny /(eB)
]
xˆ +
[
y − pkinx /(eB)
]
yˆ, which is
the centre of the orbit of a classical particle which has position r⊥ and momentum
pkin⊥ [34], has the constant expectation value y0yˆ. The initial position and velocity of
the centre of mass of the probability distribution are given by 〈r⊥〉(0) = 0 and
∂〈r⊥〉(0)
∂t
= − i
~
〈[r⊥, H]〉 (0) = pc
m
xˆ (5)
respectively, and substituting these into (4) yields the trajectory
〈r⊥〉(t) = y0[sinωctxˆ+ (1− cosωct)yˆ]. (6)
This trajectory, illustrated in figure 1, is a circular orbit with radius
σ = |y0| =
∣∣∣ pc
eB
∣∣∣ (7)
and angular velocity ωc – the cyclotron orbit of a classical particle with the momentum
pc. The trajectory of the centre of mass of the probability distribution is therefore
independent of the canonical angular momentum of the electron.
The canonical angular momentum is instead associated with a circulation of cur-
rent within the electron’s probability distribution. This can be seen by examining the
probability current density j⊥(r⊥, t) = Re(Ψ∗pkin⊥ Ψ)/m. To do so we have solved the
time-dependent Schro¨dinger equation (2) numerically using the Chebyshev method
[35, 36, 37], as described in Appendix A. We must first specify the radial distribution,
u(ρ), of the initial wavefunction (3). Here we will set this to be the same as that of
a Landau state – one of the energy eigenstates of the system:
u(ρ) = uLann,|`|(ρ) = Nn,|`|
(
ρ
√
2
ρB
)|`|
exp
(
− ρ
2
ρ2B
)
L|`|n
(
2ρ2
ρ2B
)
, (8)
where n = 0, 1, 2, ... is the radial quantum number, L
|`|
n is an associated Laguerre
polynomial, ρB =
√
4~/|eB| is the width of the Gaussian envelope and Nn,|`| =√
2n!/[pi(n+ |`|)!]/ρB is a normalisation constant. This means that if pc = 0, the
electron would be in a Landau state. An arbitrary radial distribution could be de-
composed in terms of the eigenfunctions uLann,|`|.
The time-evolution of the probability density |Ψ|2 and the current density j⊥ are
shown in figure 2. Here the transverse momentum pc has been chosen such that the
radius of the cyclotron orbit is approximately equal to the width of the probability
distribution. In (a) and (b) the electron has no net canonical orbital angular momen-
tum, while in (c) and (d) it has a canonical orbital angular momentum ` = 1. The
evolution of these states is shown for different directions of the magnetic field, which
result in different directions of the cyclotron orbit. Whereas the probability density
follows a straightforward classical orbit, the current density is seen to depend in a
non-trivial manner on both the wavefunction and the magnetic field. In particular,
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in contrast to the classical cyclotron trajectory, and also to orbital angular momen-
tum eigenstates in the absence of a magnetic field, the current distribution here is
not rotationally symmetric. The rotational symmetry of the probability distribution,
with respect to its centre of mass, is preserved, however. This reflects the fact that
the magnetic field is rotationally symmetric, and the canonical angular momentum
Lcanz is conserved. This means that the canonical orbital angular momentum of the
electron is associated with a rotation axis at the centre of mass of the probability
distribution, and is independent of the cyclotron orbit.
More surprising, perhaps, is that rotations in fact occur with respect to the cy-
clotron axis and the centre of mass axis even when the electron does not possess
any net canonical angular momentum. This is as a result of the diamagnetic angular
momentum that any electron wavefunction possesses in the presence of a magnetic
field [23, 24]. This angular momentum arises as a result of the circulating current
the magnetic field induces within the wavefunction, and is associated with a rotation
of the probability density at the Larmor angular velocity ωL = ωc/2 = −eB/(2m)
[27, 38]. The diamagnetic angular momentum is equal to Ldiaz = I
′ωL, where
I ′ = m〈ρ′2〉 (9)
is the moment of inertia of the electron’s probability distribution, in the reference
frame of its centre of mass [25]. Here ρ′ = |r⊥ − 〈r⊥〉| is the radial coordinate in
this reference frame. This angular momentum has the same direction as the external
magnetic field, meaning that the associated magnetic moment, µdiaz = eL
dia
z /(2m),
opposes the external field, in accordance with Lenz’s law. In contrast to cyclotron
motion, the diamagnetic rotation depends on there being an extended probability
distribution, and vanishes in the classical limit. For the Landau radial distribution
uLann,` , the mean square radius is 〈ρ′2〉Lann,` = (2n + |`| + 1)ρ2B/2, and the diamagnetic
angular momentum therefore takes the quantized values Ldia,Lanz = sign(B)(2n+ |`|+
1)~ [29]. The effect of the diamagnetic angular momentum becomes clear when we
consider a superposition of opposite values of canonical orbital angular momentum,
such as that shown in figure 3. As this superposition has no net canonical angular
momentum, the rotation of the electron’s probability density with respect to its centre
of mass is due entirely to the diamagnetic angular momentum. Previously we have
interpreted this as a form of Faraday rotation for electrons [30].
In general, the orbital angular momentum with respect to the centre of mass axis
will be given by a sum of canonical and diamagnetic contributions. The motion is
thus described by two independent rotations: the cyclotron orbit, and the rotation
around the instantaneous centre of mass axis due to the canonical and diamagnetic
angular momenta.
4 Parallel axis theorem
The rotation of the electron’s wavefunction is reminiscent of a classical rigid body.
We will explore this analogy further by considering the kinetic angular momentum
of the electron, which is the total mechanical angular momentum it possesses while
moving in the magnetic field. This angular momentum has the z component
Lkinz = ρp
kin
φ = L
can
z −
1
2
eBρ2, (10)
with an expectation value of
〈Lkinz 〉 = `~+ IωL (11)
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Figure 2: Probability density |Ψ|2 and current density j⊥ for wavefunctions with
canonical orbital angular momentum ` = 0 (a, b) and ` = 1 (c, d), for opposite
directions of the magnetic field. In each case the transverse momentum is pc = 2~/ρB
and the wavefunction has the radial distribution uLan0,|`|. The red arcs indicate the
trajectory of the centre of mass of the probability distribution, which is highlighted
in green.
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BFigure 3: Probability density and current density for an equally weighted superposi-
tion of wavefunctions which both have transverse momentum pc = 2~/ρB , but have
opposite values of canonical angular momentum ` = ±1. The constituent states have
the same radial distributions as in figure 2.
for any state with a canonical orbital angular momentum `~. Here I = m〈ρ2〉 is the
moment of inertia of the electron’s probability distribution for rotation with respect
to the z axis. Just as with a rigid body, we can use the parallel axis theorem to
express the moment of inertia I as a sum of two components:
I = mρ20 + I
′, (12)
where ρ0 = |〈r⊥〉| =
√
2(1− cosωct)σ, with σ defined by (7), is the radial coordinate
of the centre of mass, and I ′ is the moment of inertia with respect to the centre of
mass axis, given by (9). These two components correspond to the cyclotron orbit
of the wavefunction and its diamagnetic angular momentum respectively. The total
kinetic angular momentum of the electron, which we obtain from (11) and (12), can
therefore be expressed as
〈Lkinz 〉 = `~+ Lcycloz + Ldiaz , (13)
where Lcycloz = mωLρ
2
0 = (1−cosωct)mωcσ2 is the angular momentum associated with
the cyclotron orbit. While the relation between the kinetic and canonical angular
momenta in (10) is true also for a classical point particle [39], the decomposition
into separate cyclotron and diamagnetic components which follows from (12) is only
meaningful for an extended probability distribution.
Unlike the canonical and diamagnetic components, the cyclotron angular momen-
tum depends on our choice of reference axis. A natural choice is to consider the
angular momentum with respect to the centre of the cyclotron motion. In this ref-
erence frame, which we reach by making the transformation y → y˜ = y − y0, the
cyclotron angular momentum has the constant value
L˜cycloz = mωcσ
2. (14)
Irrespective of the reference frame, of course, the total kinetic angular momentum
will be equal to the sum of the three components described.
One may expect that the cyclotron angular momentum, which exists classically,
would be the dominant contribution to the electron’s kinetic angular momentum.
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However, this need not be the case, as can be seen by considering typical parameters
for free electrons in electron microscopes. For example, if an electron beam which is
initially propagating parallel to a magnetic field is transmitted through a diffraction
grating with a period d = 100 nm, the first diffraction order will have a net transverse
momentum of pc = ~(2pi/d) = h/d, which corresponds to an energy of p2c/(2m) =
h2/(2md2) = 0.15 meV. In a magnetic field of B = 1 T, the resulting cyclotron orbit,
which has radius 41 nm, will have an angular momentum of 2.6~. This is of the same
order of magnitude as the canonical angular momentum of the lowest order vortex
states, and considerably smaller than that of vortex beams recently generated with
a winding number of ` = 200 [21]. Indeed, in a given magnetic field, the cyclotron
angular momentum can in principle have any size, ranging from zero to macroscopic
values, depending on the net transverse momentum pc. The diamagnetic angular
momentum can also take a wide range of values, as the mean square radius of the
probability distribution is varied [25], although this has a lower limit due to the
uncertainty principle and a maximum due to the requirement of spatial coherence.
This means that the different rotations we have described can indeed occur on the
same length scale, justifying the choices of parameters in our figures.
5 Superposition of cyclotron orbits
So far we have considered rotations with respect to two different axes – the cyclotron
axis, as well as the centre of mass axis. The position of the cyclotron axis was defined
by the transverse momentum pc which appears in a plane wave factor in the wave-
function (3). Suppose, however, that we have a superposition of different transverse
momenta. Arbitrary distributions of transverse momentum could be created using
appropriately designed holograms [40, 41, 42, 43]. A simple example would be the
following superposition of two momenta, pc,1 and pc,2, which may also be associated
with different canonical orbital angular momenta, `1 and `2:
Ψ0 =
uLann,|`1|(ρ)√
2
exp
[
i
(
`1φ+
pc,1
~
x
)]
+
uLann,|`2|(ρ)√
2
exp
[
i
(
`2φ+
pc,2
~
x
)]
. (15)
This is similar to the wavefunction formed when a plane wave is transmitted through
a forked diffraction grating [10]. For the discussion here the particular form of the
radial distribution is not important, and the Landau function has been chosen with
numerical efficiency in mind. The evolution of such a state, here with equal and
opposite values of both the transverse momentum and canonical angular momentum,
is shown in figure 4. It can be seen that there are now two cyclotron orbits, which have
different rotation axes. These are associated with different directions of the initial
momentum pc. As a result, the two components of the superposition move apart,
before re-combining and interfering.
Taken together, the cyclotron orbits in figure 4 describe a rotation, with respect
to the z axis, at the Larmor angular velocity ωL. This is consistent with the predic-
tions of classical electron optics regarding image formation in rotationally symmetric
magnetic lenses [3]. Interestingly, though, in our case the axis of the Larmor rota-
tion is not defined by a symmetry of the magnetic field – a uniform magnetic field is
rotationally symmetric with respect to an infinite number of axes. Rather, here the
Larmor rotation occurs with respect to the centre of mass of the electron’s probability
distribution. This is the case both in figure 3, where the centre of mass follows a cy-
clotron orbit, and in figure 4, where the centre of mass is stationary. Further, it must
be remembered that we are considering here a single electron which is in a state of
8
BFigure 4: Probability density and current density for an equally weighted superpo-
sition of a wavefunction with pc = 3~/ρB and ` = −1 and a wavefunction with
pc = −3~/ρB and ` = 1. The constituent states have the same radial distributions
as in figures 2 and 3. The centre of mass of the superposition remains stationary
in the x-y plane, while the individual components follow the cyclotron trajectories
indicated.
superposition. This means, for example, that if one of the two cyclotron components
in figure 4 underwent an interaction which modified its phase, this could be detected
through its effect on the subsequent interference pattern.
6 Summary and outlook
In summary, we have shown that in a magnetic field an electron can rotate around
more than one axis simultaneously. The wavefunction of the electron follows a cy-
clotron orbit, and superposed onto this is a rotation around the instantaneous centre
of mass. The rotation with respect to the centre of mass axis arises as a result of the
diamagnetic angular momentum, as well as any canonical orbital angular momentum
the electron possesses. The kinetic angular momentum of the electron is therefore
described by the parallel axis theorem.
Our results show that canonical orbital angular momentum and cyclotron motion
provide separate degrees of freedom for shaping electron current distributions. This
could allow electron beams to be structured for use in specific applications. For
example, the symmetry of the current distribution could be optimized to probe specific
transitions in materials [40, 44]. It may also be possible to utilise cyclotron trajectories
in novel forms of interferometry. Moreover, here we have only considered the case in
which the canonical angular momentum and magnetic field are parallel, so that the
rotation is confined to a plane. With canonical angular momentum and magnetic
fields which are in different directions to one another, the angular momentum and
current density could be shaped in three dimensions.
Further, if the angular momenta were in different directions, it appears that they
would become coupled. Canonical orbital angular momentum which is at an angle
to a uniform magnetic field would be expected to precess around the direction of
the field [22, 33]. The canonical angular momentum is also not conserved when the
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rotational symmetry of the magnetic field is broken, such as in astigmatic magnetic
lenses [45, 46, 47]. Not only this, but in non-uniform magnetic fields the spin and
orbital degrees of freedom of an electron with non-relativistic velocity are no longer
independent [12, 48]. The nature of the coupling between all of these angular momenta
is an interesting avenue for future investigation.
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A Numerical solution of Schro¨dinger equation
The time-dependent Schro¨dinger equation can be solved numerically with high accu-
racy and efficiency by expanding the time-evolution operator in a series of Chebyshev
polynomials. In this appendix, we describe how this method can be applied to the
two-dimensional Schro¨dinger equation for an electron interacting with an external
magnetic field. For generality, we shall consider here a Hamiltonian of the form
H(x, y) = S2
(
∂2
∂x2
+
∂2
∂y2
)
+ iS1x(x, y)
∂
∂x
(16)
+iS1y(x, y)
∂
∂y
+ S0(x, y)
[37]. In the case of the Hamiltonian used in the main text, we would have S2 =
−~2/(2m), S1x = −~eBy/(2m), S1y = ~eBx/(2m) and S0 = e2B2(x2 + y2)/(8m).
The Mathematica code we have used to perform these calculations has been made
available online at [50].
Since the Hamiltonian (16) is independent of time, we can write the solution of
the Schro¨dinger equation as
Ψ(t+ ∆t) = exp
(
− i
~
H∆t
)
Ψ(t). (17)
In order to evaluate this numerically, first we must represent the wavefunction, and
the coefficients S2 etc., on a two-dimensional grid. If this grid covers an area Lx×Ly,
and contains Nx ×Ny points, then the maximum spatial frequencies represented are
kx,max = piNx/Lx and ky,max = piNy/Ly. The maximum and minimum values of
energy represented on the grid are then
Emax = −S2(k2x,max + k2y,max) + Max(S1x)kx,max (18)
+Max(S1y)ky,max + Max(S0)
and
Emin = − [Max(S1x)kx,max + Max(S1y)ky,max] + Min(S0). (19)
Let us now introduce a new operator
H˜ = H− b
a
, (20)
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where a = (Emax −Emin)/2 and b = (Emax +Emin)/2. This operator has eigenvalues
represented on the grid which lie in the range [−1, 1]. We can then expand the time-
evolution operator in a series of Chebyshev polynomials Tq(H˜):
Ψ(t+ ∆t) = exp(− i
~
b∆t) exp(− i
~
aH˜∆t)Ψ(t)
≈ exp(− i
~
b∆t)
M∑
q=0
αq(a∆t)Tq(H˜)Ψ(t). (21)
Chebyshev polynomials are chosen as these minimise the error associated with trun-
cating the expansion at a finite order M [35]. The expansion coefficients are given
by
αq(a∆t) =
{
(−i)qJq(a∆t/~), q = 0
2(−i)qJq(a∆t/~), q 6= 0 (22)
where Jq is a Bessel function. For q > ea∆t/(2~), where e, in roman font, denotes
the mathematical constant, the magnitudes of these coefficients decay exponentially
with increasing q [49, 51]. This means that the error due to truncating the series at
order M , which can be estimated by |αM (a∆t)|, can be made arbitrarily small. If we
set
M =
e
2~
a∆t+ δ, (23)
δ can be adjusted so that this error is less than machine precision. The numerical
error resulting from the Chebyshev expansion is then negligible.
In order to evaluate the individual terms in the expansion (21), the action of the
Chebyshev polynomial Tq(H˜) on the initial wavefunction Ψ(t) must be calculated.
Using the recurrence relation for the Chebyshev polynomials, we obtain
Tq(H˜)Ψ(t) = 2H˜Tq−1(H˜)Ψ(t)− Tq−2(H˜)Ψ(t), (24)
for q > 0, with the initial conditions T0(H˜)Ψ(t) = Ψ(t) and T1(H˜)Ψ(t) = H˜Ψ(t).
The action of the Hamiltonian on the wavefunction can be efficiently calculated by
evaluating the spatial derivatives in Fourier space [49, 52]. That is,
HΨ(t) ≈ S2FT−1[(−k2x − k2y)FTΨ] + iS1xFT−1(ikxFTΨ)
+iS1yFT
−1(ikyFTΨ) + S0Ψ, (25)
where kx, ky are the coordinates in Fourier space and FT denotes a discrete Fourier
transform and FT−1 the corresponding inverse transform.
References
[1] E. O. Lawrence and M. S. Livingston. The production of high speed light ions
without the use of high voltages. Phys. Rev., 40:19–37, 1932.
[2] V. Veksler. A new method of acceleration of relativistic particles. J. Phys. Acad.
Sci. U.S.S.R., 9:153–158, 1945.
[3] P. W. Hawkes and E. Kasper. Principles of Electron Optics. Academic Press,
San Diego, 1996.
[4] V. Erckmann and U. Gasparino. Electron cyclotron resonance heating and cur-
rent drive in toroidal fusion plasmas. Plasma Phys. Control. Fusion, 36:1869–
1962, 1994.
11
[5] M. Vollmer. Physics of the microwave oven. Phys. Educ., 39:74–81, 2004.
[6] O. Millo, D. Katz, Y. Cao, and U. Banin. Imaging and spectroscopy of artificial-
atom states in core/shell nanocrystal quantum dots. Phys. Rev. Lett., 86:5751,
2001.
[7] K. Y. Bliokh, Y. P. Bliokh, S. Savel’ev, and F. Nori. Semiclassical dynamics
of electron wave packet states with phase vortices. Phys. Rev. Lett., 99:190404,
2007.
[8] M. Uchida and A. Tonomura. Generation of electron beams carrying orbital
angular momentum. Nature (London), 464:737–739, 2010.
[9] J. Verbeeck, H. Tian, and P. Schattschneider. Production and application of
electron vortex beams. Nature (London), 467:301–304, 2010.
[10] B. J. McMorran, A. Agrawal, I. M. Anderson, A. A. Herzing, H. J. Lezec, J. J.
McClelland, and J. Unguris. Electron vortex beams with high quanta of orbital
angular momentum. Science, 331:192–195, 2011.
[11] K. Y. Bliokh, M. R. Dennis, and F. Nori. Relativistic electron vortex beams: an-
gular momentum and spin-orbit interaction. Phys. Rev. Lett., 107:174802, 2011.
[12] E. Karimi, L. Marrucci, V. Grillo, and E. Santamato. Spin-to-orbital angular
momentum conversion and spin-polarization filtering in electron beams. Phys.
Rev. Lett., 108:044801, 2012.
[13] S. Lloyd, M. Babiker, and J. Yuan. Quantized orbital angular momentum transfer
and magnetic dichroism in the interaction of electron vortices with matter. Phys.
Rev. Lett., 108:074802, 2012.
[14] S. M. Lloyd, M. Babiker, J. Yuan, and C. Kerr-Edwards. Electromagnetic vortex
fields, spin, and spin-orbit interactions in electron vortices. Phys. Rev. Lett.,
109:254801, 2012.
[15] E. Hemsing, A. Knyazik, M. Dunning, D. Xiang, A. Marinelli, C. Hast, and J.
B. Rosenzweig. Coherent optical vortices from relativistic electron beams. Nat.
Phys., 9:549–553, 2013.
[16] I. P. Ivanov and D. V. Karlovets. Detecting transition radiation from a magnetic
moment. Phys. Rev. Lett., 110:264801, 2013.
[17] A. Be´che´, R. Van Boxem, G. Van Tendeloo, and J. Verbeeck. Magnetic monopole
field exposed by electrons. Nat. Phys., 10:26–29, 2014.
[18] A. Asenjo-Garcia and F. J. Garc´ıa de Abajo. Dichroism in the interaction between
vortex electron beams, plasmons, and molecules. Phys. Rev. Lett., 113:066102,
2014.
[19] A. G. Hayrapetyan, O. Matula, A. Aiello, A. Surzhykov, and S. Fritzsche. In-
teraction of relativistic electron-vortex beams with few-cycle laser pulses. Phys.
Rev. Lett., 112:134801, 2014.
[20] O. Matula, A. G. Hayrapetyan, V. G. Serbo, A. Surzhykov, and S. Fritzsch.
Radiative capture of twisted electrons by bare ions. New J. Phys., 16:053024,
2014.
12
[21] V. Grillo, G. C. Gazzadi, E. Mafakheri, S. Frabboni, E. Karimi, and R. W.
Boyd. Holographic generation of highly twisted electron beams. Phys. Rev. Lett.,
114:034801, 2015.
[22] G. M. Gallatin and B. McMorran. Propagation of vortex electron wave functions
in a magnetic field. Phys. Rev. A, 86:012701, 2012.
[23] L. Landau. Diamagnetismus der metalle. Z. Physik, 64:629–637, 1930.
[24] C. G. Darwin. The diamagnetism of the free electron. Math. Proc. Cambridge
Phil. Soc., 27:86–90, 1931.
[25] C. R. Greenshields, R. L. Stamps, S. Franke-Arnold, and S. M. Barnett. Is the
angular momentum of an electron conserved in a uniform magnetic field? Phys.
Rev. Lett., 113:240404, 2014.
[26] M. Babiker, J. Yuan, and V. E. Lembessis. Electron vortex beams subject to
static magnetic fields. Phys. Rev. A, 91:013806, 2015.
[27] P. Schattschneider, Th. Schachinger, M. Sto¨ger-Pollach, S. Lo¨ffler, A. Steiger-
Thirsfeld, K. Y. Bliokh, and F. Nori. Imaging the dynamics of free-electron Lan-
dau states. Nat. Comm., 5:4586, 2014.
[28] T. Schachinger, S. Lo¨ffler, M. Sto¨ger-Pollach, and P. Schattschneider. Peculiar
rotation of electron vortex beams. Ultramicroscopy, 158:17–25, 2015.
[29] K. Y. Bliokh, P. Schattschneider, J. Verbeeck, and F. Nori. Electron vortex beams
in a magnetic field: a new twist on Landau levels and Aharonov-Bohm states.
Phys. Rev. X, 2:041011, 2012.
[30] C. Greenshields, R. L. Stamps, and S. Franke-Arnold. Vacuum Faraday effect for
electrons. New J. Phys., 14:103040, 2012.
[31] S. M. Lloyd, M. Babiker, and J. Yuan. Mechanical properties of electron vortices.
Phys. Rev. A, 88:031802(R), 2013.
[32] K. Y. Bliokh and F. Nori. Spatiotemporal vortex beams and angular momentum.
Phys. Rev. A, 86:033824, 2012.
[33] I. Bialynicki-Birula, Z. Bialynicka-Birula, and C. S´liwa. Motion of vortex lines in
quantum mechanics. Phys. Rev. A, 61:032110, 2000.
[34] C. Li and Q. Wang. The quantum behaviour of an electron in a uniform magnetic
field. Physica (Amsterdam), 269B:22–27, 1999.
[35] H. Tal-Ezer and R. Kosloff. An accurate and efficient scheme for propagating the
time dependent Schro¨dinger equation. J. Chem. Phys., 81:3967–3971, 1984.
[36] W. van Dijk, J. Brown, and K. Spyksma. Efficiency and accuracy of numerical
solutions to the time-dependent Schro¨dinger equation. Phys. Rev. E, 84:056703,
2011.
[37] T. Dziubak and J. Matulewski. An object-oriented implementation of a solver
of the time-dependent Schro¨dinger equation using the CUDA technology. Comp.
Phys. Comm., 183: 800–812, 2012.
13
[38] G. Guzzinati, P. Schattschneider, K. Y. Bliokh, F. Nori, and J. Verbeeck. Ob-
servation of the Larmor and Gouy rotations with electron vortex beams. Phys.
Rev. Lett., 110:093601, 2013.
[39] L. Reimer and H. Kohl. Transmission Electron Microscopy: Physics of Image
Formation. Springer, Berlin, 2008, p. 24.
[40] J. Verbeeck, G. Guzzinati, L. Clark, R. Juchtmans, R. Van Boxem, H. Tian, A.
Be´che´, A. Lubk, and G. Van Tendeloo. Shaping electron beams for the generation
of innovative measurements in the (S)TEM. C. R. Physique, 15:190–199, 2014.
[41] N. Voloch-Bloch, Y. Lereah, Y. Lilach, A. Gover, and A. Arie. Generation of
electron Airy beams. Nature (London), 494:331–335, 2013.
[42] V. Grillo, E. Karimi, G. C. Gazzadi, S. Frabboni, M. R. Dennis, and R. W. Boyd.
Generation of nondiffracting electron Bessel beams. Phys. Rev. X, 4:011013, 2014.
[43] T. R. Harvey, J. S. Pierce, A. K. Agrawal, P. Ercius, M. Linck, and B. J. Mc-
Morran. Efficient diffractive phase optics for electrons. New J. Phys., 16:093039,
2014.
[44] J. Rusz, J. Idrobo, and S. Bhowmick. Achieving atomic resolution magnetic
dichroism by controlling the phase symmetry of an electron probe. Phys. Rev.
Lett., 113:145501, 2014.
[45] P. Schattschneider, M. Sto¨ger-Pollach, and J. Verbeeck. Novel vortex generator
and mode converter for electron beams. Phys. Rev. Lett., 109:084801, 2012.
[46] L. Clark, A. Be´che´, G. Guzzinati, A. Lubk, M. Mazilu, R. Van Boxem, and
J. Verbeeck. Exploiting lens aberrations to create electron-vortex beams. Phys.
Rev. Lett., 111:064801, 2013.
[47] T. C. Petersen, M. Weyland, D. M. Paganin, T. P. Simula, S. A. Eastwood, and
M. J. Morgan. Electron vortex production and control using aberration induced
diffraction catastrophes. Phys. Rev. Lett., 110:033901, 2013.
[48] G. A. Gallup, H. Batelaan, and T. J. Gay. Quantum-mechanical analysis of a
longitudinal Stern-Gerlach effect. Phys. Rev. Lett., 86:4508–4511, 2001.
[49] J. B. Wang and T. T. Scholz. Time-dependent approach to scattering by
Chebyshev-polynomial expansion and the fast-Fourier-transform algorithm.
Phys. Rev. A, 57:3554–3559, 1998.
[50] C. Greenshields. Mathematica program for the numerical solution of the time-
dependent Schro¨dinger equation in the presence of a magnetic field. [Data Col-
lection], doi:10.5525/gla.researchdata.199, 2015.
[51] A. Weiße and H. Fehske. Chebyshev Expansion Techniques. In Computational
Many-Particle Physics, volume 739 of Lecture Notes in Physics, pages 545–577.
Springer, Berlin, 2008.
[52] D. Kosloff and R. Kosloff. A Fourier method solution for the time dependent
Schro¨dinger equation as a tool in molecular dynamics. J. Comp. Phys., 52:35–
53, 1983.
14
